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Construction of dynamical semigroups
by a functional regularisation a` la Kato
A.F.M. ter Elst and Valentin A. Zagrebnov
In memory of Tosio Kato on the 100th anniversary of his birthday
Abstract. A functional version of the Kato one-parametric regularisa-
tion for the construction of a dynamical semigroup generator of a relative
bound one perturbation is introduced. It does not require that the minus
generator of the unperturbed semigroup is a positivity preserving operator.
The regularisation is illustrated by an example of a boson-number cut-off
regularisation.
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1 Introduction
The majority of papers concerning the construction of dynamical semigroups use the Kato
regularisation method [Kat54], which goes back to 1954. This method allows to treat the
case of positive unbounded perturbations with relative bound one and to construct minimal
Markov dynamical semigroups [Dav76], [Dav77].
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Later a similar tool of the one-parametric regularisation allowed Chernoff [Che72] to
prove the following abstract result in a Banach space X for a perturbation of a contraction
C0-semigroup with generator A and domain D(A). Let B be a dissipative operator with
domain D(B) ⊃ D(A) and relative bound one, that is, there exists a a ≥ 0 such that
‖Bx‖X ≤ ‖Ax‖X + a ‖x‖X,
for all x ∈ D(A). If the domain D(B∗) of the adjoint operator B∗ is dense in the dual space
X
′, then the closure of the operator A + B is the generator of a C0-semigroup. Note that
the hypothesis on B∗ is superfluous if the Banach space X is reflexive. See also Okazawa
[Oka71] Theorem 2 for the reflexive case.
The aim of the present paper is to put this tool into an abstract setting that covers the
Kato regularisation method as a particular case. Our main result is a functional version
of the Kato regularisation for the construction of generators when perturbations are with
relative bound equal to one.
To produce an application of this result, we construct the generator of a Markov dynam-
ical semigroup for an open quantum system of bosons [TZ16a] [TZ16b]. For this system
the abstract Kato regularisation corresponds to the particle-number cut-off in the Fock
space.
Let H be a Hilbert space over C. Consider the Banach space of bounded operators
L(H) and the subspace C1 = C1(H) of all trace-class operators. Let u, v ∈ L(H). We say
that an operator u is positive, in notation u ≥ 0, if (ux, x)H ≥ 0 for all x ∈ H. We write
u ≤ v if v − u ≥ 0. Let C+1 = {u ∈ C1 : u ≥ 0}. Then C+1 is a closed cone with trace-norm
‖u‖C1 = Tr u for all u ∈ C+1 .
Let Csa1 be the Banach space over R of all self-adjoint operators of C1. An operator
A : D(A)→ Csa1 with domain D(A) ⊂ Csa1 is called positivity preserving if Au ≥ 0 for all
u ∈ D(A)+, where D(A)+ := D(A) ∩ C+1 . A semigroup (St)t>0 on Csa1 is called positivity
preserving if the map St is positivity preserving for all t > 0.
Let D ⊂ Csa1 be a subspace and let A,B : D → Csa1 be two maps. Then we write A ≥ 0
if A is positivity preserving and we write A ≤ B if B − A ≥ 0. Obviously ≤ is a partial
ordering on L(Csa1 ).
Let −H be the generator of a positivity preserving contraction C0-semigroup (e−tH)t>0
on Csa1 . Let K : D(H)→ Csa1 be a positivity preserving operator and suppose that
Tr (Ku) ≤ Tr (Hu)
for all u ∈ D(H)+. We shall prove in Lemma 2.2 that this implies that the operator K is
H-bounded, but with relative bound equal to one. Hence it is an open problem whether
operator −(H − K) with D(H − K) = D(H), or a closed extension of this operator, is
again the generator of a C0-semigroup.
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Kato [Kat54] solved this problem for Kolmogorov’s evolution equations when the op-
erator H is a positivity preserving map. To this end he proposed a regularisation of the
perturbation K by replacing it by the one-parametric family (rK)r∈[0,1) and by taking
finally the limit r ↑ 1.
The aim of the present paper is twofold. First, we wish to consider a more general
(functional) regularisation a` la Kato. Secondly, we aim to remove the condition that the
operator H is positivity preserving and merely assume the condition that −H is the gen-
erator of a positivity preserving semigroup. It is the positivity preserving of the quantum
dynamical semigroup which is indispensable in applications. We require that the pertur-
bation K of H admits the following type of regularisation.
Definition 1.1. Let (Kα)α∈J be a net such that Kα : D(H)→ Csa1 for all α ∈ J . We call
the family (Kα)α∈J a functional regularisation of the operator K if the following four
conditions are valid.
(I) Kα is positivity preserving for all α ∈ J .
(II) For all α ∈ J there exist aα ∈ [0,∞) and bα ∈ [0, 1) such that
Tr (Kαu) ≤ aαTr u+ bαTr (Hu)
for all u ∈ D(H)+.
(III) Kα ≤ Kβ ≤ K for all α, β ∈ J with α ≤ β.
(IV) For all u ∈ D(H)+ there exists a dense subspace V ofH such that limα((Kαu)x, x)H =
((Ku)x, x)H for all x ∈ V .
As an example one can take J = [0, 1) and Kr = rK for all r ∈ J , i.e. aα = 0 and
bα = r. This was used in [Kat54] under the additional assumption that H is positivity
preserving.
The main theorem of this paper is the following.
Theorem 1.2. Let −H be the generator of a positivity preserving contraction C0-semigroup
on Csa1 . Let K : D(H)→ Csa1 be a positivity preserving operator and suppose that
Tr (Ku) ≤ Tr (Hu) (1.1)
for all u ∈ D(H)+. Let (Kα)α∈J be a functional regularisation of K. Set Lα = H−Kα for
all α ∈ J . Then one has the following.
(a) For all α ∈ J the operator −Lα is the generator of a positivity preserving contraction
C0-semigroup (T
α
t )t>0 on C
sa
1 .
(b) If t > 0, then limα T
α
t u exists in C
sa
1 for all u ∈ Csa1 .
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For all t > 0 define Tt : C
sa
1 → Csa1 by Ttu = limα T αt u.
(c) The family (Tt)t>0 is a positivity preserving contraction C0-semigroup on C
sa
1 for
which the generator is an extension of the operator −(H −K) with domain D(H).
As a corollary we obtain the regularisation theorem of Kato invented in [Kat54] and
which was extended to dynamical semigroups with unbounded generators by Davies in
[Dav77].
For completeness we recall that the concept of the dynamical semigroups was motivated
by mathematical studies of the states dynamics of quantum open systems, see [Dav76]. In
a certain approximation it can be described on an abstract (Banach) space of states by
a C0-semigroup of positive preserving maps. These semigroups are often called quantum
semigroups if in addition the Kossakowski–Lindblad–Davies Ansatz (see [AJP06]) is satis-
fied.
In this paper a dynamical semigroup is defined to be a positivity preserving contrac-
tion C0-semigroup on the Banach space C
sa
1 . The abstract space-states which we consider
in this paper consist of self-adjoint trace-class operators over a complex Hilbert space H.
In Section 3 this Hilbert space is the boson Fock space F . A semigroup (Tt)t>0 on C
sa
1 is
called trace preserving if Tr (Ttu) = Tru for all u ∈ Csa1 and t > 0. Then a Markov
dynamical semigroup is a dynamical semigroup which is trace preserving.
We prove Theorem 1.2 in Section 2. It turns out that the semigroup (Tt)t>0 constructed
in Theorem 1.2 is minimal in the sense of Kato [Kat54]. We conclude Section 2 with
sufficient conditions for (Tt)t>0 being a Markov dynamical semigroup.
In Section 3 we present an example where the functional regularisation of the operator
K is a particle-number cut-off in the Fock space F . We show that the semigroup which is
constructed by this regularisation method is a Markov dynamical semigroup and that it is
minimal. Moreover, the operator H is not positivity preserving.
2 The regularisation theorem
We start with a lemma concerning bounded positivity preserving operators on Csa1 .
Lemma 2.1.
(a) Let u ∈ Csa1 . Then there are unique v, w ∈ C+1 such that u = v − w and |u| = v + w,
where |u| is the absolute value of u.
(b) Let A ∈ L(Csa1 ) be positivity preserving. Then ‖Au‖C1 ≤ ‖A|u| ‖C1 for all u ∈ Csa1 .
(c) Let A,B ∈ L(Csa1 ) be positivity preserving. Moreover, suppose that TrAu ≤ TrBu
for all u ∈ C+1 . Then ‖A‖ ≤ ‖B‖.
(d) Let A ∈ L(Csa1 ) be positivity preserving and let M ≥ 0. Suppose that Tr (Au) ≤
M Tr u for all u ∈ C+1 . Then ‖A‖ ≤M .
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(e) Let A,B ∈ L(Csa1 ) be positivity preserving and suppose that A ≤ B. Then An ≤ Bn
for all n ∈ N.
(f) Let (uα)α∈J be a net in C
+
1 . Suppose that uα ≤ uβ for all α, β ∈ J with α ≤ β.
Moreover, suppose that sup{Tr uα : α ∈ J} <∞. Then the net (uα)α∈J is convergent
in C1.
Proof. Statement (a) follows from the spectral representation of the self-adjoint operator
u ∈ Csa1 .
(b). Let u ∈ Csa1 . Let v, w ∈ C+1 be as in Statement (a). Then Av,Aw ∈ C+1 . So
‖Au‖C1 = ‖Av −Aw‖C1 ≤ ‖Av‖C1 + ‖Aw‖C1 = TrAv + TrAw = TrA|u| = ‖A|u| ‖C1.
(c) Let u ∈ Csa1 . Note that |u| ∈ C+1 and Tr (B − A)|u| ≥ 0 by assumption. Therefore
(b) gives
‖Au‖C1 ≤ TrA|u|+ Tr (B − A)|u| = TrB|u| = ‖B|u| ‖C1 ≤ ‖B‖ ‖ |u| ‖C1 = ‖B‖ ‖u‖C1
and the statement follows.
(d). Choose B =M I and use Statement (c).
(e). The proof is by induction. Let n ∈ N and suppose that An ≤ Bn. Then
Bn+1u ≥ AnBu = An (B − A)u+ An+1u ≥ An+1u
for all u ∈ C+1 , since An is positivity preserving and (B − A)u ≥ 0.
(f). Let M = sup{Truα : α ∈ J} < ∞. Let x ∈ H. Then α 7→ (uαx, x)H is increasing
and bounded above by M ‖x‖2H. So limα(uαx, x)H exists. By the polarisation identity
limα(uαx, y)H exists for all x, y ∈ H. Define the operator u : H → H such that
(ux, y)H = lim
α
(uαx, y)H
for all x, y ∈ H. It is easy to see that u is symmetric and is an element of L(H). Clearly
(ux, x)H = limα(uαx, x)H ≥ 0 for all x ∈ H. So u ≥ 0.
Obviously 0 ≤ Tr uα ≤ Tr uβ ≤ M for all α, β ∈ J with α ≤ β. So limαTr uα ≤ M .
Let N ∈ N and let {en : n ∈ {1, . . . , N}} be an orthonormal set in H. Then
N∑
n=1
(uen, en)H =
N∑
n=1
lim
α
(uαen, en)H = lim
α
N∑
n=1
(uαen, en)H ≤ lim
α
Tr uα ≤M.
So u ∈ C+1 and Tr u ≤ limαTr uα. Clearly Tr uα ≤ Tr u for all α ∈ J and hence Tr u =
limαTr uα. Since u−uα ≥ 0 for all α ∈ J , it follows that limα ‖u−uα‖C1 = limαTr (u−uα) =
0. Therefore limα uα = u in C1.
A trace inequality together with positivity preserving gives H-boundedness of a per-
turbation.
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Lemma 2.2. Let −H be the generator of a positivity preserving contraction C0-semigroup
on Csa1 . Let K : D(H) → Csa1 be a positivity preserving operator. Suppose that Tr (Ku) ≤
Tr (Hu) for all u ∈ D(H)+. Then K (λ I +H)−1 is bounded and ‖K (λ I +H)−1‖ ≤ 1 for
all λ > 0. Moreover, ‖Ku‖C1 ≤ ‖Hu‖C1 for all u ∈ D(H) and in particular the operator
K is H-bounded with relative bound one.
Proof. Let λ > 0. Then the resolvent
(λ I +H)−1 =
∫ ∞
0
e−λt St dt
is a positivity preserving bounded operator on Csa1 . Therefore by composition the operator
K (λ I +H)−1 : Csa1 → Csa1 is positivity preserving, hence bounded by [Dav76] Lemma 2.1.
Moreover,
TrK (λ I +H)−1u ≤ TrH (λ I +H)−1u = Tr u− λTr (λ I +H)−1u ≤ Tr u
for all u ∈ C+1 . So ‖K (λ I + H)−1‖ ≤ 1 by Lemma 2.1(d). Therefore ‖Ku‖C1 ≤ ‖(λ I +
H)u‖C1 ≤ λ ‖u‖C1 + ‖Hu‖C1 for all u ∈ D(H) and the lemma follows.
Inequalities between positivity preserving contraction C0-semigroups are equivalent to
inequalities between the resolvents.
Lemma 2.3. Let (St)t>0 and (Tt)t>0 be two positivity preserving bounded C0-semigroups
with generators −H and −L respectively. Then the following are equivalent.
(i) St ≤ Tt for all t > 0.
(ii) (λ I +H)−1 ≤ (λ I + L)−1 for all λ > 0.
If, in addition, D(H) ⊂ D(L), then (i) is also equivalent to
(iii) The operator H − L is positivity preserving.
Proof. ‘(i)⇒(ii)’. This follows from a Laplace transform.
‘(ii)⇒(i)’. It follows from Lemma 2.1(e) that (λ I +H)−n ≤ (λ I + L)−n for all n ∈ N.
Let t > 0. Then the Euler formula yields
Stu = lim
n→∞
(I + t
n
H)−nu ≤ lim
n→∞
(I + t
n
L)−nu = Ttu
for all u ∈ C+1 . So St ≤ Tt.
‘(i)⇒(iii)’. Write K = H − L. Let u ∈ D(H)+ and x ∈ H. Then
((Ku)x, x)H = lim
t↓0
(((I − St)u)x, x)H
t
− (((I − Tt)u)x, x)H
t
= lim
t↓0
(((Tt − St)u)x, x)H
t
≥ 0.
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So Ku ≥ 0 and K is positivity preserving.
‘(iii)⇒(ii)’. Let λ > 0. Since the product of positivity preserving maps is positivity
preserving, we obtain that
(λ I + L)−1 − (λ I +H)−1 = (λ I + L)−1(H − L)(λ I +H)−1 ≥ 0.
So (λ I + L)−1 ≥ (λ I +H)−1.
Our first result is a perturbation theorem where the relative bound is less than one.
We emphasise that we do not assume that the operator H is positivity preserving.
Proposition 2.4. Let −H be the generator of a positivity preserving contraction C0-
semigroup on Csa1 . Let K : D(H) → Csa1 be a positivity preserving operator. Suppose there
exist a ∈ [0,∞) and b ∈ [0, 1) such that Tr (Ku) ≤ aTru + bTr (Hu) for all u ∈ D(H)+.
Define L = H −K. Then one has the following.
(a) The operator L is quasi-m-accretive. Moreover, the semigroup generated by −L is a
positivity preserving semigroup.
(b) If in addition Tr (Ku) ≤ Tr (Hu) for all u ∈ D(H)+, then L is m-accretive. So −L
is the generator of a contraction semigroup.
(c) If again Tr (Ku) ≤ Tr (Hu) for all u ∈ D(H)+, then
lim
N→∞
N∑
n=0
(λ I +H)−1
(
K(λ I +H)−1
)n
u = (λ I + L)−1u
for all u ∈ Csa1 and λ > 0.
Proof. First suppose in addition that
Tr (Ku) ≤ Tr (Hu) (2.1)
for all u ∈ D(H)+.
Let (St)t>0 be the semigroup generated by −H . Let λ > 0. Then H(λ I + H)−1 =
I − λ (λ I +H)−1 ≤ I since (λ I +H)−1 is positivity preserving. Hence
Tr (K(λ I +H)−1u) ≤ aTr ((λ I +H)−1u) + bTr (H(λ I +H)−1u)
≤ a ‖(λ I +H)−1u‖C1 + bTr (H(λ I +H)−1u) ≤
(a
λ
+ b
)
Tr u
for all u ∈ C+1 , where we used that (λ I + H)−1u ∈ D(H)+. Moreover, K(λ I + H)−1 is
positivity preserving as a composition of two positivity preserving maps. Therefore
‖K(λ I +H)−1‖ ≤ a
λ
+ b
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by Lemma 2.1(d).
Let λ ∈ R and suppose that λ > a
1− b . Then λ I + L = (I −K(λ I +H)
−1)(λ I +H)
is invertible and
(λ I + L)−1 =
∞∑
n=0
(λ I +H)−1
(
K(λ I +H)−1
)n
. (2.2)
If n ∈ N0, then (λ I + H)−1
(
K(λ I + H)−1
)n
∈ L(Csa1 ) is positivity preserving. Hence
(λ I + L)−1 is positivity preserving. Moreover, if u ∈ C+1 then (2.2) yields (λ I + L)−1u ∈
D(H)+. Now by the addition assumption (2.1) one obtains
Tr u = Tr (λ I + L)(λ I + L)−1u
= λTr (λ I + L)−1u+ Tr (H −K)(λ I + L)−1u
≥ λTr (λ I + L)−1u.
Therefore Tr ((λ I+L)−1u) ≤ λ−1Tr u. Since (λ I+L)−1 is positivity preserving, it follows
from Lemma 2.1(d) that ‖(λ I + L)−1‖ ≤ λ−1 for all λ > a
1−b
. Hence the operator L is
m-accretive and −L is the generator of a contraction C0-semigroup.
Let (Tt)t>0 be the semigroup generated by −L. If t > 0, then the operator (I + tn L)−1
is positivity preserving for all large n ∈ N. Hence by the Euler formula one obtains
that Ttu = limn→∞(I +
t
n
L)−nu ∈ C+1 for all u ∈ C+1 . Therefore the semigroup (Tt)t>0
is positivity preserving. This proves Statements (a) and (b) of the the proposition if in
addition (2.1) is valid. Note that in particular we have proved Statement (b).
We next prove Statement (a) without the additional assumption (2.1). We may assume
that b > 0. Choose ω = a
b
. Then
Tr (Ku) ≤ aTr u+ bTr (Hu) = bTr
(
(ω I +H)u
)
≤ Tr
(
(ω I +H)u
)
for all u ∈ D(H)+. So by the above the operator (ω I + H) − K is m-accretive and is
the minus generator of a positivity preserving semigroup. Therefore L is quasi-m-accretive
and it is the minus generator of a positivity preserving semigroup.
Finally we prove Statement (c). The proof is inspired by the proof of Lemma 7 in
[Kat54]. Fix λ > 0. Let N ∈ N and r ∈ (0, 1). Then ‖r K (λ I+H)−1‖ ≤ r by Lemma 2.2.
So the Neumann series gives
N∑
n=0
(λ I +H)−1
(
r K(λ I +H)−1
)n
≤
∞∑
n=0
(λ I +H)−1
(
r K(λ I +H)−1
)n
= (λ I +H − r K)−1 ≤ (λ I +H −K)−1,
where we use Lemma 2.3 in the last step. Let u ∈ C+1 . Taking the limit r ↑ 1 gives
N∑
n=0
(λ I +H)−1
(
K(λ I +H)−1
)n
u ≤ (λ I +H −K)−1u = (λ I + L)−1u.
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In particular,
Tr
( N∑
n=0
(λ I +H)−1
(
K(λ I +H)−1
)n
u
)
≤ Tr
(
(λ I + L)−1u
)
.
Then Lemma 2.1(f) gives that v = limN→∞
∑N
n=0(λ I +H)
−1
(
K(λ I +H)−1
)n
u exists in
C1. Then v ≤ (λ I + L)−1u. Conversely, if N ∈ N and r ∈ (0, 1), then
N∑
n=0
(λ I +H)−1
(
r K(λ I +H)−1
)n
u ≤
N∑
n=0
(λ I +H)−1
(
K(λ I +H)−1
)n
u ≤ v.
So
(λ I +H − r K)−1u =
∞∑
n=0
(λ I +H)−1
(
r K(λ I +H)−1
)n
u ≤ v (2.3)
If µ > a
1−b
, then it follows from (2.2) that limr↑1(µ I+H−r K)−1 = (µ I+H−K)−1 in the
strong operator topology. Since −(H − r K) is the generator of a contraction semigroup
for all r ∈ (0, 1], it follows from [Dav80] Theorem 3.17 that limr↑1(µ I + H − r K)−1 =
(µ I + H − K)−1 in the strong operator topology for all µ > 0. Then taking the limit
r ↑ 1 in (2.3) gives (λ I + H − K)−1u ≤ v. So v = (λ I + H − K)−1u and the proof is
complete.
We are now able to prove Theorem 1.2 regarding the functional regularisation of the
perturbation of H and we shall prove that the perturbed semigroup is a dynamical semi-
group.
Theorem 2.5. Let −H be the generator of a positivity preserving contraction C0-semigroup
on Csa1 . Let K : D(H)→ Csa1 be a positivity preserving operator and suppose that
Tr (Ku) ≤ Tr (Hu)
for all u ∈ D(H)+. Let (Kα)α∈J be a functional regularisation of K. Set Lα = H−Kα for
all α ∈ J . Then one has the following.
(a) If α ∈ J , then the operator Lα is m-accretive and the semigroup (T αt )t>0 generated
by −Lα is a positivity preserving contraction semigroup.
(b) If α, β ∈ J and α ≤ β, then T αt ≤ T βt for all t > 0.
(c) If t > 0, then limα T
α
t u exists in C
sa
1 for all u ∈ Csa1 .
For all t > 0 define Tt : C
sa
1 → Csa1 by Ttu = limα T αt u.
(d) If t > 0, then the map Tt is positivity preserving.
(e) (Tt)t>0 is a contraction C0-semigroup on C
sa
1 .
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Now let −L be the generator of the C0-semigroup (Tt)t>0.
(f) Let λ > 0. Then limα(λ I + Lα)
−1u = (λ I + L)−1u in C1 for all u ∈ Csa1 .
(g) The operator L is an extension of operator H −K.
Proof. (a). Condition (1.1) and Definition 1.1(III) imply that
Tr (Kαu) ≤ Tr (Hu)
for all u ∈ D(H)+. Using Definition 1.1(I) and (II), we may apply Proposition 2.4 to H
and Kα in order to obtain the statement.
(b). Let α, β ∈ J with α ≤ β. Then Lα − Lβ = Kβ − Kα ≥ 0. Moreover, D(Lα) =
D(Lβ). Now the statement follows from Lemma 2.3(iii)⇒(i).
(c). Fix t > 0. Let u ∈ C+1 . Then (b) yields 0 ≤ T αt u ≤ T βt u for all α, β ∈ J with
α ≤ β. Moreover, Tr (T αt u) = ‖T αt u‖C1 ≤ ‖u‖C1 for all α ∈ J , since T αt is a contraction
by Statement (a). So limα T
α
t u exists in C
+
1 by Lemma 2.1(f). Then the statement for all
u ∈ Csa1 follows from Lemma 2.1(a).
(d). Since the semigroup (T αt )t>0 is positivity preserving for all α ∈ J by Proposi-
tion 2.4, the assertion follows from (c) and from the limit Ttu = limα T
α
t u for all u ∈ C+1 .
(e). Let t > 0. Then Tr Ttu = limαTr (T
α
t u) = limα ‖T αt u‖C1 ≤ ‖u‖C1 = Tr u for all
u ∈ C+1 . Since Tt is positivity preserving by Statement (d), it follows from Lemma 2.1(d)
that Tt is a contraction. Next, taking the limit (c) one verifies the semigroup property of
the family (Tt)t>0.
To check the strong continuity of the semigroup (Tt)t>0, let u ∈ C+1 , t > 0 and α ∈ J .
Then St ≤ T αt by Lemma 2.3(iii)⇒(i) and Definition 1.1(I). So T αt − St ≥ 0. Since T αt is a
contraction, it follows that
‖T αt u− Stu‖C1 = Tr ((T αt − St)u) ≤ Tr u− TrStu = Tr ((I − St)u).
Taking the limit over α one gets ‖Ttu−Stu‖C1 ≤ Tr ((I−St)u). Since (St)t>0 is a strongly
continuous semigroup on Csa1 and Tr is continuous from C
sa
1 into R, one deduces that
limt↓0 ‖Ttu−Stu‖C1 = 0. But limt↓0 Stu = u in Csa1 . So limt↓0 Ttu = u in Csa1 . The extension
of the last limit to all u ∈ Csa1 follows from Lemma 2.1(a).
(f). Let u ∈ C+1 . Let α, β ∈ J with α ≤ β. Then (b) and the definition of T give
0 ≤ T αt u ≤ T βt u ≤ Ttu for all t > 0. Hence
0 ≤ (λ I + Lα)−1u ≤ (λ I + Lβ)−1u ≤ (λ I + L)−1u. (2.4)
Therefore by Lemma 2.1(f) it follows that limα(λ I + Lα)
−1u exists in C1. We next show
that the limit is equal to (λ I + L)−1u.
Let x ∈ H and N ∈ (1,∞). For all α ∈ J define fα, f : [0, N ]→ [0,∞) by
fα(t) = e
−λt ((T αt u)x, x)H and f(t) = e
−λt ((Ttu)x, x)H.
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Then fα, f are continuous. Moreover, (fα)α∈J is increasing and limα fα = f pointwise.
Since [0, N ] is compact it follows that lim fα = f uniformly. Therefore
lim
α
∫ N
0
e−λt ((T αt u)x, x)H dt =
∫ N
0
e−λt ((Ttu)x, x)H dt.
This is for all N ∈ (1,∞). If α ∈ J , then the semigroup (T αt )t>0 is a contraction by
Statement (a). Hence ‖T αt u‖L(H) ≤ ‖T αt u‖C1 ≤ ‖u‖C1 for all t > 0. Similarly ‖Ttu‖L(H) ≤
‖u‖C1 for all t > 0. Hence
lim
α
(((λ I + Lα)
−1u)x, x)H = lim
α
∫ ∞
0
e−λt ((T αt u)x, x)H dt
=
∫ ∞
0
e−λt ((Ttu)x, x)H dt = (((λ I + L)
−1u)x, x)H.
This is for all x ∈ H. Polarisation gives
lim
α
(((λ I + Lα)
−1u)x, y)H = (((λ I + L)
−1u)x, y)H
for all x, y ∈ H. Since we know that limα(λ I + Lα)−1u exists in C1, we conclude that
lim
α
(λ I + Lα)
−1u = (λ I + L)−1u
in C1.
Finally Lemma 2.1(a) implies that limα(λ I + Lα)
−1u = (λ I + L)−1u for all u ∈ Csa1
and the proof of Statement (f) is complete.
Before we can prove Statement (g), we need two lemmata. In the next lemma we use
for the first time the convergence in Definition 1.1(IV).
Lemma 2.6. Let λ > 0 and u ∈ Csa1 . Then limαKα (λ I +H)−1u = K (λ I +H)−1u in C1.
Proof. By Lemma 2.1(a) we may assume that u ∈ C+1 . Then the net (Kα (λ I+H)−1u)α∈J
is increasing and TrKα (λ I +H)
−1u ≤ TrK (λ I +H)−1u ≤ ‖u‖C1 by Definition 1.1(III)
and Lemma 2.2. So v = limαKα (λ I + H)
−1u exists in C1 by Lemma 2.1(f). By
Definition 1.1(IV) there exists a dense subspace V of H such that limα((Kαu)x, x)H =
((Ku)x, x)H for all x ∈ V . If x ∈ V , then
(vx, x)H = lim
α
((Kα (λ I +H)
−1u)x, x)H = ((K (λ I +H)
−1u)x, x)H.
So by polarisation one deduces that vx = (K (λ I + H)−1u)x in H for all x ∈ V . Hence
v = K (λ I +H)−1u by continuity and limαKα (λ I +H)
−1u = (K (λ I +H)−1u in C1.
Proposition 2.4(c) is applicable to the operators Kα. We next show a version for the
full perturbation K.
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Lemma 2.7. Let λ > 0 and u ∈ Csa1 . Then
lim
N→∞
N∑
n=0
(λ I +H)−1
(
K (λ I +H)−1
)n
u = (λ I + L)−1u
in C1.
Proof. For all λ > 0, N ∈ N and α ∈ J define
Rα,N(λ) =
N∑
n=0
(λ I +H)−1
(
Kα (λ I +H)
−1
)n
and
RN(λ) =
N∑
n=0
(λ I +H)−1
(
K (λ I +H)−1
)n
.
Again it suffices to consider u ∈ C+1 . Let N ∈ N. Then
Rα,N(λ)u ≤
∞∑
n=0
(λ I +H)−1
(
Kα (λ I +H)
−1
)n
u = (λ I + Lα)
−1u ≤ (λ I + L)−1u
for all α ∈ J by Proposition 2.4(c) and (2.4). Note that Kα (λ I +H)−1 is a contraction
for all α ∈ J . Take the limit over α. Then Lemma 2.6 gives RN (λ)u ≤ (λ I + L)−1u.
Therefore TrRN (λ)u ≤ Tr (λ I + L)−1u for all N ∈ N. It follows from Lemma 2.1(f) that
v = limN→∞RN(λ)u exists in C1. Then v ≤ (λ I + L)−1u. If N ∈ N and α ∈ J , then
Definition 1.1(III) and Lemma 2.1(e) give Rα,N (λ)u ≤ RN(λ)u ≤ v. So (λ I + Lα)−1u ≤ v
by Proposition 2.4(c) and consequently (λ I + L)−1u ≤ v by Theorem 2.5(f). So v =
(λ I + L)−1u as required.
Now we are able to prove Statement (g) of Theorem 2.5 as in [Kat54] Lemma 8.
Proof of Theorem 2.5(g). For all N ∈ N write
RN =
N∑
n=0
(I +H)−1
(
K (I +H)−1
)n
.
Then RN = (I + H)
−1 + RN−1K (I + H)
−1 for all N ∈ N with N ≥ 2. Let u ∈ D(H).
Then RN (I + H)u = u + RN−1Ku. Taking the limit N → ∞ and using Lemma 2.7
gives (I + L)−1 (I + H)u = u + (I + L)−1Ku. Hence (I + L)−1(I + H − K)u = u and
u ∈ D(L). Moreover, (I +H−K)u = (I +L)u. So L is an extension of H−K. The proof
of Theorem 2.5 is complete.
Let L and the semigroup (Tt)t>0 be as in Theorem 2.5. Then (Tt)t>0 is a dynamical
semigroup. It satisfies the following minimality.
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Theorem 2.8. Let L′ be an extension of the operator (H − K), D(H − K) = D(H),
such that −L′ generates a positivity preserving C0-semigroup (T ′t )t>0. Then T ′t ≥ Tt for all
t > 0.
Proof. By adding a large constant to the operator H , we may assume that (T ′t )t>0 is a
bounded semigroup. Let λ > 0 and α ∈ J . Note that the range Ran((λ I + Lα)−1) =
D(H) ⊂ D(Lα) ∩D(L′). Hence by the resolvent identity we have
(λ I + L′)−1 − (λ I + Lα)−1 = (λ I + L′)−1(Lα − L′)(λ I + Lα)−1
= (λ I + L′)−1(K −Kα)(λ I + Lα)−1 ≥ 0,
since the resolvents and the operator K − Kα are positivity preserving. Using Theo-
rem 2.5(f) one gets (λ I + L′)−1 ≥ (λ I + L)−1. Then the theorem is a consequence of
Lemma 2.3 (ii)⇒(i).
Theorem 2.8 states similarly to [Kat54] Lemma 9 that the semigroup (Tt)t>0 constructed
in Theorem 2.5 by the functional regularisation (Kα)α∈J is minimal.
Corollary 2.9. Let −H be the generator of a positivity preserving contraction C0-semigroup
on Csa1 . Let K : D(H)→ Csa1 be a positivity preserving operator and suppose that
Tr (Ku) ≤ Tr (Hu)
for all u ∈ D(H)+. Let (Kα)α∈J and (K ′α)α∈J ′ be two functional regularisations of K.
Let (Tt)t>0 and (T
′
t )t>0 be the semigroups as in Theorem 2.5 using (Kα)α∈J and (K
′
α)α∈J ′,
respectively. Then Tt = T
′
t for all t > 0.
Thus the constructed semigroup is independent of the functional regularisation.
We conclude this section by a condition which ensures that the semigroup (Tt)t>0 con-
structed in Theorem 2.5 is also trace-preserving and hence is a Markov dynamical semi-
group.
Theorem 2.10. Adopt the notation and assumptions as in Theorem 1.2. Suppose that
Tr (Hu−Ku) = 0 (2.5)
for all u ∈ D(H) and that D(H) is a core for the generator −L, which is defined by
Theorem 1.2. Then the semigroup (Tt)t>0 is trace preserving.
Proof. The proof is a variation of the proof of [Dav77] Theorem 3.2. Condition (2.5) states
that TrLu = 0 for all u ∈ D(H). Because D(H) is a core for L one deduces that TrLu = 0
for all u ∈ D(L). Let u ∈ D(L). Since the semigroup (Tt)t>0 maps D(L) into D(L), one
also gets TrLTtu = 0 for all t > 0. Then differentiability of the function t 7→ Ttu from
(0,∞) into C1 yields ∂t Tr Ttu = −TrLTtu = 0 for all t > 0. Hence Tr Ttu = Tr u for all
t > 0. Since D(L) is dense in Csa1 , the latter also holds for all u ∈ Csa1 .
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3 Example
In this section we consider an example of a functional regularisation by boson-number cut-
off in a Fock space F . We construct in this way a dynamical semigroup which is minimal
and Markovian. The unperturbed positivity preserving C0-semigroup in the example has
a (minus) generator which fails to be positivity preserving.
3.1 Open boson system
This example is motivated by the model of an open boson system studied in [TZ16a] and
[TZ16b].
Let b and b∗ be the boson annihilation and the creation operators defined in the Fock
space F generated by a cyclic vector Ω. That is, the Hilbert space F has an orthonormal
basis (en)n∈N0 with e0 = Ω and the Bose operators b, b
∗ are defined by
b en =
√
n en−1 and b
∗ en =
√
n+ 1 en+1
for all n ∈ N0, with domain D(b) = D(b∗) = {ψ ∈ F :
∑∞
n=0 n |(ψ, en)F |2 < ∞}, where
we set e−1 = 0. The Bose operators satisfy the commutation relation (b b
∗− b∗ b)ψ = ψ for
all ψ ∈ D(b∗ b).
The isolated system that we consider is a one-mode quantum oscillator with equidistant
discrete spectrum with spacing E > 0 defined by
h = E b∗ b (3.1)
and domain
D(h) = {ψ ∈ F :
∞∑
n=0
n2 |(ψ, en)F |2 <∞}.
The number operator
nˆ := b∗ b,
with D(nˆ) = D(h) ⊂ F , counts the number of bosons (nˆ ψ, ψ)F in a normalised quantum
state vector ψ ∈ F , that is ‖ψ‖F = 1.
We consider C1 = C1(F ), the complex Banach space of trace-class operators on F with
trace-norm ‖ · ‖C1. Its dual space is isometrically isomorphic to the Banach space of all
bounded operators L(F ). The corresponding dual pair is determined by the bilinear trace
functional
〈φ | A〉C1(F )×L(F ) = Tr (φA), (3.2)
where φ ∈ C1(F ) and A ∈ L(F ).
The quantum-mechanical Hamiltonian evolution of the isolated system (3.1) is deter-
mined by the unitary group (Uih(t))t∈R, where Uih(t) = e
−ith ∈ L(F ) for all t ∈ R. For all
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t ∈ (0,∞) define Wt : Csa1 → Csa1 by
Wtρ = Uih(t) ρUih(t)
∗. (3.3)
Then (Wt)t>0 is evidently a contraction C0-semigroup, which is positivity preserving and
trace preserving. The semigroup (Wt)t>0 is called the Markov dynamical (semi)group for
the evolution of the isolated system (3.1). Let −L be the generator of (Wt)t>0. Define
Ψ: Csa1 → Csa1 by
Ψ(ρ) = (I + nˆ)−1 ρ (I + nˆ)−1.
Then Ψ(Csa1 ) ⊂ D(L) and
LΨ(ρ0) = i h (I + nˆ)
−1 ρ0 (I + nˆ)
−1 − i (I + nˆ)−1 ρ0 h (I + nˆ)−1
for all ρ0 ∈ Csa1 . Note that
Lρ ⊃ i [h, ρ]
for all ρ ∈ Ψ(Csa1 ).
To illustrate an open system corresponding to (3.1), we consider the simplest model
when this system is in contact with an external reservoir of bosons b, b∗. Then to describe
the evolution of this open system we follow the Kossakowski–Lindblad–Davies (KLD)
Ansatz for the dissipative extension of the Hamiltonian positivity preserving dynamics
(3.3) to a non-Hamiltonian positivity preserving evolution.
Fix σ± ∈ [0,∞). Define the operator Q : D(Q)→ Csa1 with domain D(Q) = Ψ(Csa1 ) by
Qρ = σ−
(
b (I+ nˆ)−1/2
)
ρ0
(
b (I+ nˆ)−1/2
)∗
+σ+
(
b∗ (I+ nˆ)−1/2
)
ρ0
(
b∗ (I+ nˆ)−1/2
)∗
, (3.4)
where ρ0 ∈ Csa1 is such that ρ = Ψ(ρ0). Note that
Qρ ⊃ σ− b ρ b∗ + σ+ b∗ ρ b
and that the operator ρ 7→ QΨ(ρ) is continuous from Csa1 into Csa1 . Since nˆ is densely
defined, it is not hard to show that Ψ(Csa1 ) ∩ C+1 = Ψ(C+1 ). Hence Q is a positivity
preserving operator.
Using the bilinear trace functional (3.2), the dual operator Q∗ acts in L(F ). It is
defined via the relation 〈Q ρ | A〉C1(F )×L(F ) = 〈ρ | Q∗(A)〉C1(F )×L(F ). If A0 ∈ L(F ) and
A = (I + nˆ)−1/2A0 (I + nˆ)
−1/2, then A ∈ D(Q∗) and
Q∗(A) ⊃ σ− b∗Ab+ σ+ bA b∗.
If σ+ + σ− > 0 then clearly I 6∈ D(Q∗).
The non-Hamiltonian evolution equation ∂tρ(t) = −L˜σρ(t) is defined formally in the
framework of the KLD Ansatz with the generator −L˜σ, where
L˜σρ = i [h, ρ] +
1
2
(Q∗(I)ρ+ ρQ∗(I))− Qρ
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and formally Q∗(I) = σ− b∗ b+ σ+ b b∗. Therefore formally
L˜σρ = i [h, ρ] +
1
2
(
(σ− b
∗ b+ σ+ b b
∗)ρ+ ρ (σ− b
∗ b+ σ+ b b
∗)
)
− Qρ. (3.5)
We aim to give a mathematical sense of (3.5) and to define the corresponding semigroup.
To proceed we first consider the operator hσ : D(nˆ)→ Csa1 defined by
hσ = i h+
1
2
(σ− b
∗ b+ σ+ b b
∗).
Then hσ is an m-accretive operator. Define Uhσ(t) = e
−t hσ ∈ L(F ) for all t ∈ [0,∞).
Then similarly to (3.3) the contraction C0-semigroup (Uhσ(t))t>0 induces on the Banach
space Csa1 a positivity preserving contraction C0-semigroup (S
σ
t )t>0 given by
Sσt ρ = Uhσ(t) ρUhσ(t)
∗.
Let −Hσ be the generator of the semigroup (Sσt )t>0. Then D(Hσ) ⊃ Ψ(Csa1 ). If ρ ∈ Ψ(Csa1 ),
then
Hσρ ⊃ i [h, ρ] + 1
2
(
(σ− b
∗ b+ σ+ b b
∗)ρ+ ρ (σ− b
∗ b+ σ+ b b
∗)
)
. (3.6)
Moreover, the map ρ 7→ HσΨ(ρ) is continuous from Csa1 into Csa1 . Also, if ρ ∈ Ψ(C+1 ), then
TrHσρ ≥ 0. Since Sσt commutes with the operator Ψ, one deduces that
Sσt Ψ(C
sa
1 ) ⊂ Ψ(Csa1 ).
Hence Ψ(Csa1 ) is a core for operator Hσ.
Note that whenever σ−+σ+ > 0, the semigroup (S
σ
t )t>0 is not trace-preserving. Indeed,
if ρ ∈ C+1 is given by ρ(ϕ) = (ϕ, e1)F e1, thenHσρ = (σ−+2σ+)ρ. Hence Sσt ρ = e−(σ−+2σ+)tρ
and Tr (Sσt ρ) = e
−(σ−+2σ+)t for all t > 0.
Remark 3.1. The operator Hσ is not positivity preserving, even although the semigroup
(Sσt )t>0 is positivity preserving. An example is as follows. For simplicity assume that
E = 1. Using the commutation relation (b b∗ − b∗ b)ψ = ψ for all ψ ∈ D(b∗ b), one deduces
that
Hσρ ⊃ i (nˆ ρ− ρ nˆ) + 1
2
(σ− + σ+)(nˆ ρ+ ρ nˆ) + σ+ ρ
for all ρ ∈ Ψ(Csa1 ). Let k ∈ N and λ > 0. Choose ψ = e1 + i λ ek. Define ρ ∈ Ψ(Csa1 )+ by
ρ(ϕ) = (ϕ, ψ)F ψ. Then
(Hσρ)ϕ = i
(
(ϕ, ψ)F nˆ ψ − (nˆ ϕ, ψ)F ψ
)
+ (σ− + σ+)
(
(ϕ, ψ)F nˆ ψ + (nˆ ϕ, ψ)F ψ
)
+ σ+ (ϕ, ψ)F ψ
for all ϕ ∈ D(nˆ). So
((Hσρ)ϕ, ϕ)F = −2 Im
(
(ϕ, ψ)F (nˆ ψ, ϕ)F
)
+ (σ− + σ+) Re
(
(ϕ, ψ)F (nˆ ψ, ϕ)F
)
+ σ+ |(ϕ, ψ)F |2.
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Now choose ϕ = e1+ek. Then (ϕ, ψ)F (nˆ ψ, ϕ)F = (1−i λ)(1+i k λ) = 1+k λ2+i (k−1) λ.
So
((Hσρ)ϕ, ϕ)F = −2(k − 1) λ+ (σ− + σ+)(1 + k λ2) + σ+ (1 + λ2).
Choose λ > 0 such that λ (σ−+σ+) < 1. Then ((Hσρ)ϕ, ϕ)F < 0 for large k ∈ N. Therefore
the operator Hσρ is not positive and the operator Hσ is not positivity preserving.
3.2 A particle-number cut-off regularisation
To make precise the meaning of the operator formally introduced in (3.5) we use (3.6) and
the next two lemmata for an extension of Q. The first lemma is about boundedness of
operators.
Lemma 3.2. Let A : Ψ(Csa1 ) → Csa1 be a positivity preserving operator and assume that
TrAρ ≤ Tr ρ for all ρ ∈ Ψ(C+1 ). Then ‖Aρ‖C1 ≤ ‖ρ‖C1 for all ρ ∈ Ψ(Csa1 ).
Proof. Step 1 Let ρ ∈ Ψ(Csa1 ) and ε > 0. We first show that there exist ρ1, ρ2 ∈ Ψ(C+1 )
such that ρ = ρ1 − ρ2 and Tr ρ1 + Tr ρ2 ≤ ‖ρ‖C1 + ε.
The proof is a modification of [Dav77] Lemma 2.1. By assumption there exists a ρ0 ∈ Csa1
such that ρ = (I + nˆ)−1 ρ0 (I + nˆ)
−1. For all t > 0 define
ρt = (I + t nˆ) (I + nˆ)
−1 ρ0 (I + t nˆ) (I + nˆ)
−1.
Then ρt ∈ Csa1 . Moreover, limt↓0 ρt = ρ in C1. Hence there exists a t > 0 such that
‖ρt‖C1 ≤ ‖ρ‖C1 + ε.
By Lemma 2.1(a) there exist v, w ∈ C+1 such that ρt = v − w and |ρt| = v + w. Write
ρ1 = (I + t nˆ)
−1 v (I + t nˆ)−1 and ρ2 = (I + t nˆ)
−1w (I + t nˆ)−1.
Then ρ1, ρ2 ∈ Ψ(C+1 ) and
ρ1−ρ2 = (I+t nˆ)−1 (v−w) (I+t nˆ)−1 = (I+t nˆ)−1 ρt (I+t nˆ)−1 = (I+nˆ)−1 ρ0 (I+nˆ)−1 = ρ.
Moreover,
Tr ρ1 + Tr ρ2 = Tr
(
(I + t nˆ)−1 (v + w) (I + t nˆ)−1
)
= ‖(I + t nˆ)−1 (v + w) (I + t nˆ)−1‖C1
≤ ‖v + w‖C1 = ‖ |ρt| ‖C1 = ‖ρt‖C1 ≤ ‖ρ‖C1 + ε
as required.
Step 2 Now we prove the lemma. Let ρ ∈ Ψ(Csa1 ). Let ε > 0 and let ρ1, ρ2 ∈ Ψ(C+1 ) be
as in Step 1. Then
‖Aρ‖C1 ≤ ‖Aρ1‖C1 + ‖Aρ2‖C1 = TrAρ1 + TrAρ2 ≤ Tr ρ1 + Tr ρ2 ≤ ‖ρ‖C1 + ε
and the lemma follows.
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Lemma 3.3. The operator Q extends uniquely to a continuous operator Q̂ : D(Hσ)→ Csa1 ,
where D(Hσ) is provided with the graph norm. Moreover, Q̂ is positivity preserving,
Tr (Hσρ− Q̂ρ) = 0
and ‖Q̂ρ‖C1 ≤ ‖Hσρ‖C1 for all ρ ∈ D(Hσ).
Proof. Note that
Tr (Hσρ−Qρ) = 0 (3.7)
for all ρ ∈ Ψ(Csa1 ). Let λ > 0. The resolvent
(λ I +Hσ)
−1 =
∫ ∞
0
e−t λ Sσt dt
is positivity preserving and (λ I + Hσ)
−1Ψ(Csa1 ) ⊂ Ψ(Csa1 ) since Sσt commutes with the
operator Ψ. Then the map Q(λ I+Hσ)−1|Ψ(Csa
1
) : Ψ(C
sa
1 )→ Csa1 is also positivity preserving.
Moreover, (3.7) yields
Tr
(
Q(λ I +Hσ)−1ρ
)
= Tr
(
Hσ(λ I +Hσ)
−1ρ
)
= Tr ρ− λTr (λ I +Hσ)−1ρ ≤ Tr ρ
for all ρ ∈ Ψ(C+1 ) = Ψ(Csa1 ) ∩ C+1 . Hence the operator Q(λ I + Hσ)−1|Ψ(Csa1 ) is bounded
by Lemma 3.2, with norm at most 1. Since Ψ(Csa1 ) is dense in C
sa
1 one deduces that the
operator Q(λ I + Hσ)−1|Ψ(Csa
1
) has a unique bounded extension Eλ : C
sa
1 → Csa1 , which is a
positivity preserving operator. Then ‖Eλ‖ ≤ 1.
Define the operator Q̂λ : D(Hσ)→ Csa1 by
Q̂λ = Eλ(λ I +Hσ).
Then ‖Q̂λρ‖C1 ≤ ‖(λ I + Hσ)ρ‖C1 for all ρ ∈ D(Hσ). So Q̂λ is continuous from D(Hσ)
into Csa1 .
Since Ψ◦Sσt = Sσt ◦Ψ for all t > 0, it follows that Ψ(ρ) ∈ D(Hσ) and HσΨ(ρ) = Ψ(Hσρ)
for all ρ ∈ D(Hσ). If ρ ∈ D(Hσ), then
Q̂λΨ(ρ) = Eλ(λ I +Hσ)Ψ(ρ)
= EλΨ((λ I +Hσ)ρ) = Q (λ I +Hσ)−1Ψ((λ I +Hσ)ρ) = QΨ(ρ). (3.8)
The map ρ 7→ Ψ(ρ) is continuous from Csa1 into D(Hσ) and Q̂λ is continuous from D(Hσ)
into Csa1 . So ρ 7→ Q̂λΨ(ρ) is continuous from Csa1 into Csa1 . Also ρ 7→ QΨ(ρ) is continuous
from Csa1 into C
sa
1 . Hence it follows from (3.8) that Q̂λΨ(ρ) = QΨ(ρ) for all ρ ∈ Csa1 . In
particular, Q̂λ is an extension of Q. Since Ψ(Csa1 ) is dense in D(Hσ), it follows that Q̂λ is
the unique continuous operator from D(Hσ) into C
sa
1 which extends Q. Consequently Q̂λ
is independent of λ and we set Q̂ = Q̂1.
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If ρ ∈ D(Hσ), then
‖Q̂ρ‖C1 = ‖Q̂λρ‖C1 ≤ ‖(λ I +Hσ)ρ‖C1 ≤ λ ‖ρ‖C1 + ‖Hσρ‖C1
for all λ > 0. So ‖Q̂ρ‖C1 ≤ ‖Hσρ‖C1 .
It follows from (3.7) that Tr (Q̂Ψ(ρ)) = Tr (QΨ(ρ)) = Tr (HσΨ(ρ)) for all ρ ∈ Csa1 .
Then by density and continuity Tr (Q̂ρ) = Tr (Hσρ) for all ρ ∈ D(Hσ).
It remains to show that Q̂ is positivity preserving. Let ψ ∈ F and t > 0. If ρ ∈ C+1 ,
then Sσt ρ ∈ C+1 and
((Q̂Sσt Ψ(ρ))ψ, ψ)F = ((Q̂Ψ(Sσt ρ))ψ, ψ)F = ((QΨ(Sσt ρ))ψ, ψ)F ≥ 0
since Q is positivity preserving. Because Ψ(C+1 ) is dense in C+1 , one deduces that
((Q̂Sσt ρ)ψ, ψ)F ≥ 0
for all ρ ∈ C+1 . Now let ρ ∈ D(Hσ)+. Then ((Q̂ρ)ψ, ψ)F = limt↓0((Q̂Sσt ρ)ψ, ψ)F ≥ 0.
Therefore Q̂ is positivity preserving.
Let Q̂ be as in Lemma 3.3. Since there will be no confusion, we will denote Q̂ by Q.
We shall use the general approach developed in Section 2. To this aim we consider a
regularisation generated by the family of projections (PN)N∈N0, where for all N ∈ N0 the
projection PN : F → F is given by
PNψ :=
N∑
n=0
(ψ, en)F en.
Note that the number of bosons in the subspace PNF is bounded because the boson
number operator satisfies ‖nˆ(PNψ)‖F ≤ N ‖ψ‖F for all ψ ∈ F .
Obviously limN→∞ PNψ = ψ for all ψ ∈ F . For all N ∈ N0 define the particle number
cut-off regularisation QN ∈ L(Csa1 ) of the operator Q by
QNρ = σ− (b∗ PN)∗ ρ (b∗ PN) + σ+ (b PN)∗ ρ (b PN). (3.9)
Note that QNρ = PN (Qρ)PN for all ρ ∈ Ψ(Csa1 ) by (3.4). Therefore ‖QNρ‖C1 ≤ ‖Qρ‖C1
for all ρ ∈ Ψ(Csa1 ) and then by density ‖QNρ‖C1 ≤ ‖Qρ‖C1 for all ρ ∈ D(Hσ).
We next verify that (QN)N∈N0 is a functional regularisation of Q. Clearly QN is pos-
itivity preserving for all N ∈ N0, which is Condition (I) in Definition 1.1. The definition
of QN implies the estimate
‖QNρ‖C1 ≤ (σ−(N + 1) + σ+N) ‖ρ‖C1,
for all ρ ∈ Csa1 , which implies Definition 1.1(II). Since σ± ≥ 0, the regularisation (3.9) is
monotone increasing as a sequence of positivity preserving maps in Csa1 , and bounded by Q.
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So Condition (III) in Definition 1.1 is valid. Finally we show that limN→∞((QNρ)ψ, ψ)F =
((Qρ)ψ, ψ)F for all ρ ∈ D(Hσ) and ψ ∈ F . Let ψ ∈ F . Let ρ ∈ Ψ(Csa1 ). Then
lim
N→∞
((QNρ)ψ, ψ)F = lim
N→∞
((Qρ)PNψ, PNψ)F = ((Qρ)ψ, ψ)F
for all ρ ∈ Ψ(Csa1 ). Since Ψ(Csa1 ) is dense in D(Hσ) and ‖QNρ‖C1 ≤ ‖Qρ‖C1 for all ρ ∈
D(Hσ) and N ∈ N0, one deduces that limN→∞((QNρ)ψ, ψ)F = ((Qρ)ψ, ψ)F for all ρ ∈
D(Hσ) and ψ ∈ F . So (−QN )N∈N0 satisfies Definition 1.1(IV).
We proved that the family (QN )N∈N0 is a functional regularisation of the operator Q.
For all N ∈ N define the operator Lσ,N by
Lσ,N = Hσ −QN
with domain D(Lσ,N ) = D(Hσ). Let (T
σ
t,N)t>0 be the semigroup generated by −Lσ,N . Then
it follows from Theorem 1.2 that (T σt,N)t>0 is a positivity preserving contraction semigroup,
so it is a dynamical semigroup. Moreover, for all t > 0 and ρ ∈ Csa1 the limit
T σt ρ = lim
N→∞
T σt,Nρ
exists in C1 and (T
σ
t )t>0 is a positivity preserving contraction C0-semigroup on C
sa
1 . Let
−Lσ be the generator of (T σt )t>0. Then Lσ is an extension of the operator Hσ − Q.
By Theorem 2.8 the semigroup (T σt )t>0 is minimal in the following sense: If (T̂
σ
t )t>0 is a
positivity preserving C0-semigroup with generator−L̂σ, which is an extension of−(Hσ−Q),
then T̂ σt ≥ T σt for all t > 0.
3.3 Core property and trace-preserving
A priori it is unclear whether the (minimal) dynamical semigroup (T σt )t>0 is trace-preserving
(and hence is a Markov dynamical semigroup). We know that Tr (Hσρ − Qρ) = 0 for all
ρ ∈ D(Hσ) by Lemma 3.3. Therefore if D(Hσ) is a core for Lσ, then we can use Theo-
rem 2.10 to conclude that the semigroup (T σt )t>0 is trace-preserving. We shall show that
this is the case if σ+ < σ−.
Theorem 3.4. If σ+ < σ−, then the domain D(Hσ) is a core for Lσ.
Proof. Fix s ∈ (0,∞) such that σ+ e2s < σ−. Define the map R : Csa1 → Csa1 by
Rρ := e−snˆ ρ e−snˆ.
Then R is a positivity preserving contraction and R(Csa1 ) ⊂ Ψ(Csa1 ). If t > 0, then Sσt and
R commute. Hence if ρ ∈ D(Hσ), then Rρ ∈ D(Hσ) and
Hσ Rρ = RHσρ. (3.10)
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Let Q− and Q+ be the positive operators in Csa1 with domain D(Q−) = D(Q+) =
Ψ(Csa1 ), defined similarly as in (3.4) such that
Q−ρ ⊃ σ− b ρ b∗ and Q+ρ ⊃ σ+ b∗ ρ b.
Then Tr (Q−ρ) ≤ Tr (Qρ) = Tr (Hσρ) and Tr (Q+ρ) ≤ Tr (Hσρ) for all ρ ∈ Ψ(C+1 ). Arguing
as in Lemma 3.3 one deduces that that there exist unique continuous extensions of Q+ and
of Q−, also denoted by Q+ and Q−, with domain D(Hσ), such that ‖Q+ρ‖C1 ≤ ‖Hσρ‖C1
and ‖Q−ρ‖C1 ≤ ‖Hσρ‖C1 for all ρ ∈ D(Hσ). Then Q = Q− +Q+. Note that
b e−snˆρ = e−s e−snˆ bρ and e−snˆ b∗ρ = e−s b∗ e−snˆρ
for all ρ ∈ D(nˆ). Therefore
Q−Rρ = e−2sRQ−ρ and Q+Rρ = e2sRQ+ρ
first for all ρ ∈ Ψ(Csa1 ) and then by density for all ρ ∈ D(Hσ). Together with (3.10) this
implies that
(Hσ −Q)Rρ = R (Hσ − e−2sQ− − e2sQ+)ρ = R (Hσ − Q˜)ρ (3.11)
for all ρ ∈ D(Hσ), where the positivity preserving operator Q˜ : D(Hσ)→ Csa1 is defined by
Q˜ = e−2sQ− + e2sQ+.
Define
r =
e−2s σ− + e
2s σ+
σ− + σ+
.
Then r ∈ (0, 1) since s > 0 and σ+ e2s < σ−. Moreover, e−2s − r = −2σ+ sinh 2sσ−+σ+ and
e2s − r = 2σ− sinh 2s
σ−+σ+
. Therefore
Tr (Q˜ρ) = e−2s σ−Tr (b∗ b ρ) + e2s σ+Tr (b b∗ ρ)
= r σ−Tr (b
∗ b ρ) + r σ+Tr (b b
∗ ρ) + (e−2s − r) σ−Tr (b∗ b ρ) + (e2s − r) σ+Tr (b b∗ ρ)
= rTr (Hσρ) +
2σ− σ+ sinh 2s
σ− + σ+
Tr ((b b∗ − b∗ b) ρ)
= rTr (Hσρ) +
2σ− σ+ sinh 2s
σ− + σ+
Tr ρ
for all ρ ∈ Ψ(Csa1 ), where we use the canonical commutation relations in the last step.
Hence
Tr (Q˜ρ) = rTr (Hσρ) + 2σ− σ+ sinh 2s
σ− + σ+
Tr ρ
for all ρ ∈ D(Hσ) by density and continuity.
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It follows from Proposition 2.4(a) that the operator Hσ−Q˜ is quasi-m-accretive. Hence
there exists a λ > 0 such that λ I+Hσ−Q˜ is invertible. Since Lσ is an extension of Hσ−Q
it follows from (3.11) that
(λ I + Lσ)Rρ = (λ I +Hσ −Q)Rρ = R(λ I +Hσ − Q˜)ρ
for all ρ ∈ D(Hσ). Hence
(λ I + Lσ)(D(Hσ)) ⊃ (λ I + Lσ)R(D(Hσ)) = R(λ I +Hσ − Q˜)(D(Hσ)) = R(Csa1 )
is dense in Csa1 . Consequently D(Hσ) is dense in D(Lσ), that is D(Hσ) is a core for Lσ.
Corollary 3.5. If σ+ < σ−, then the semigroup (T
σ
t )t>0 is trace-preserving.
Proof. This follows from Theorem 2.10, Lemma 3.3 and Theorem 3.4.
Corollary 3.6. If σ+ < σ−, then the set Ψ(C
sa
1 ) is a core for the operator Lσ.
Proof. The set Ψ(Csa1 ) is dense in D(Hσ). Moreover, D(Hσ) is dense in D(Lσ) by Theo-
rem 3.4. Hence Ψ(Csa1 ) is dense in D(Lσ), that is Ψ(C
sa
1 ) is a core for the operator Lσ.
The proof of Theorem 3.4 is heavily based on the strict inequality σ+ < σ−. We do not
know whether D(Hσ) is a core for Lσ if σ+ = σ− > 0.
We comment that an alternative regularisation for Q is possible. For all N ∈ N0 define
QˇN ∈ L(Csa1 ) by
QˇNρ = Q(PN ρPN).
It is easy to verify that (QˇN)N∈N0 satisfies Conditions (I), (II) and (III) in Definition 1.1.
We next verify Condition (IV). Choose V = D(b) = D(b∗). Then V is dense in F . Let
ψ ∈ V . If ρ ∈ Ψ(Csa1 ) and N ∈ N0, then ((QˇNρ)ψ, ψ)F = σ− (ρPN b∗ψ, PN b∗ψ)F +
σ+ (ρPN bψ, PN bψ)F . So limN→∞((QˇNρ)ψ, ψ)F = ((Qρ)ψ, ψ)F for all ρ ∈ Ψ(Csa1 ). If
N ∈ N0, then
|(Q(PN ρPN)ψ, ψ)F | ≤ σ− ‖ρ‖C1 ‖b∗ψ‖2F + σ+ ‖ρ‖C1 ‖bψ‖2F (3.12)
for all ρ ∈ Ψ(Csa1 ), hence by continuity and density of Ψ(Csa1 ) in D(Hσ), the inequality
(3.12) is valid for all ρ ∈ D(Hσ). Therefore limN→∞((QˇNρ)ψ, ψ)F = ((Qρ)ψ, ψ)F for all
ρ ∈ D(Hσ). So (QˇN)N∈N0 is a functional regularisation ofQ. It follows from the uniqueness
in Corollary 2.9 that (T σt )t>0 is the associated semigroup again.
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